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Introduction
The present paper provides an overview of the theory and use of (realised) power variations, including some new results and a discussion of open problems. Most of the results to be discussed have been developed quite recently, as part of the quest to devise tools for more accurate assessments of stochastic volatility, particularly in the field of financial economics.
In that field a very important and broad class of models for the log-price process of a financial asset is the following. Note that our assumptions on A and H imply that these processes have locally Riemann integrable sample paths, while M E oc. Clearly 8SVtSM is a subset of SM, the class of semimartingales. Overall, if X E S8 tM, then it can be written as X = A + H W.
(
If we additionally impose the assumption that A E SVc, then X E SV¥ec C c MC (the class of continuous semimartingales). Note also that, if X E VS3MC, then X is a special semimartingale. Reviews of the literature on stochastic volatility are given in Ghysels et al. (1996) and Shephard (1996) . By allowing the spot volatility H to be random and serially dependent, this model will imply that its increments will exhibit volatility clustering and have unconditional distributions which are fat tailed. This allows it to be used in finance and econometrics as a model for log-prices. In turn, this provides the basis for option-pricing models which overcome some of the major failings in the Black-Scholes option-pricing approach. Leading references in this regard include Hull and White (1987), Heston (1993) and Renault (1997 Section 2 recalls the concept of power variation and its basic probabilistic limit properties, which are subject to three main regularity assumptions. The roles of these assumptions in the proofs are outlined and then, in Sections 3 and 4, we briefly address the question of how the first two assumptions, that respectively prescribe a smoothness property of the sample paths of H and stochastic independence of H and W, may be relaxed. A number of other types of extension are reviewed in Section 5, and Section 6 concludes. 
Power variation: basic limit laws

Stochastic volatility of unbounded variation
Condition 2 refers to each sample path of the volatility process individually. However, our main results concern limit distributions, for which a weaker condition could suffice. In fact, the following result holds. 
Then l-r/2[Xs][r](t) -rrHr*(t) law l1-r/2{ 2 1 Vr [X8][2r](t)}1/2
We conjecture that the result does, in fact, hold for all r > 0 but have not been able to verify this. It appears likely that the theorem could, essentially, be obtained as a corollary from the extremely general theoretical framework discussed in an unpublished thesis by Becker (1998). However, in view of the generality and relative inaccessibility of that work, it seems desirable to have available a direct verification of Theorem 2 and we refer the reader to Graversen (2003) for an independent proof. For a brief indication of the contents of Becker's thesis, see Subsection 5.6 below.
With Theorem 2 at hand we can now, at least for r > 2, extend the validity of the conclusions of the original power variation theorem to include, for instance, the square root (or CoxIngersoll-Ross) process as model for the spot variance K.
Influence of leverage
In models encompassing leverage effects, the volatility process (here H) and the innovation process (here W) will be correlated, such as is the case for the Heston (1993) 
Weighted variations
For some applications it may be useful to generalise the above setup to allow for weighted power variations 
Stable innovations
If the innovations come from a symmetric a-stable motion S (with 0 < a < 2) rather than from Brownian motion W, then somewhat similar, but statistically less satisfactory, results can still be obtained; see Bamdorff-Nielsen and Shephard (2003b).
Multivariate versions
The authors are presently working on extensions of some of the above results to multivariate settings. For the case r = 2, that is, going from quadratic variation to quadratic covariation, this is rather straightforward, though for feasibility a special argument (related to the idea of bipower) is needed. This case is treated in considerable detail in Bardorff-Nielsen and Shephard (2002a).
f-variations
In his thesis, Becker (1998) has studied, in great depth, the limit behaviour as M -oo of processes of the type
where f is a function of two variables and X is a semimartingale. He considers in particular the case where X is of the form
X(t)= C(s) ds + H(s) dW(s),
where W is Brownian motion and C and H are predictable and subject to restrictions on their variational behaviour, and as a key result he proves that, after a suitable centering, YM converges to a stochastic process which is representable as a certain type of stochastic integral where the integration is with respect to a 'martingale-measure tangential to X'. In comparing the results discussed in the previous sections to Becker's work, we note that for the kind of functions (i.e. absolute powers) and regularity conditions we have considered, more explicit results are possible. Thus, under Conditions 1, 2 and 3, the limit behaviour is identifiable as mixed Gaussian and random rescaling by observable scale factors leads to statistically directly applicable standard normal limit statements (cf. in particular Theorems 1 and 2). Moreover, for the special power variation setting of Section 4 it would seem possible to identify the 'tangential martingale measure'. We hope, elsewhere, to discuss this latter point further.
Conclusion
In this paper we have reviewed and extended various recent results on realised power variation, a concept which appears useful in the context of changing volatility in financial economics. Key extensions are given to deal with unbounded variation in the volatility process and leverage.
It would be desirable to extend several of the results discussed above to functional limit theorems.
There are a considerable number of important results in the literature on power variations of semimartingales generally, and Levy processes in particular, that are related but not directly relevant to what we have discussed above. A brief guide to those results is given in BarndorffNielsen and Shephard (2003b).
